Abstract: Distributed optical fiber strain sensing significantly increases the number of sensing points compared with fiber Bragg grating sensor, which makes it an excellent candidate for shape sensing. Theoretical analysis indicates that the spatial resolution of strain measurement is crucial to the performance of shape sensing, so a shape sensor based on differential pulse-width-pair Brillouin optical time-domain analysis is proposed to improve the spatial resolution and shape sensing performance. The sensing fiber is attached on the both sides of a steel strip substrate, which enables the measurement of Brillouin frequency shifts (BFSs) of both the sides to suppress temperature crosstalk. In the experiment, first, the dependence of BFS variation on the curvature of the fiber is measured, the result of which agrees well with theory. Then the reconstruction of three shapes are demonstrated, the spatial resolution of which is 10 cm.
Introduction
In recent decades, fiber-optic shape sensing technology has received great attention for its wide range of potential application areas such as medicine, architecture, aeronautics and intelligent structural systems, where it plays an important role in tracking the path of flexible instruments [1] - [4] . A great deal of researches have been devoted to the development of shape sensors based on fiber Bragg grating (FBG) [5] - [9] . Generally, these shape sensors require FBG array or network. Once the complexity of the shape to be measured increases, the interval between FBGs should be shortened, which results in the increasing of the number of FBGs. All of them lead to the difficulties in manufacturing and signal demodulation. In contrast to these point sensors, distributed Brillouin optical fiber sensor can measure arbitrary position along the fiber [10] - [15] , which makes it an excellent candidate for shape sensing, especially for complex shapes and flexible objects. Wylie et al. have demonstrated a shape sensor based on Brillouin optical time-domain analysis (BOTDA) enhanced by dark pulse, the spatial resolution of which is 25 cm [16] . Using multi-core fiber, Thévenaz et al. realized two-dimensional shape sensing, the spatial resolution of which is 20 cm [17] .
Shape sensing based on distributed Brillouin sensing is realized by the measurement of strain. The precision of strain measurement is mainly degraded by the limited spatial resolution and temperature drift which derives from heat dissipation of motors. In this paper, the influence of spatial resolution on the shape reconstruction error is quantitatively studied, which indicates that the spatial resolution is crucial to the performance of shape sensing. In order to realize highperformance shape sensing, a shape sensor based on differential pulse-width-pair (DPP) BOTDA is proposed here, the spatial resolution of which is 10 cm. The sensing fiber is attached on both sides of the shape sensor, which enables the measurement of Brillouin frequency shifts (BFSs) of both the sides to suppress the temperature sensitivity. Four experiments are carried out to study its performance. Firstly, the curvature coefficient of the sensor is measured. Then two shape sensing experiments are carried out. At last, the temperature insensitivity of the shape sensor is demonstrated.
Sensor Design and Shape Reconstruction Algorithm
The sketch map of the shape sensor is shown in Fig. 1(a) . A segment of polarization maintaining fiber (PMF) is glued on a 1.5-m stainless steel strip substrate by epoxy glue, which has been experimentally proved to have the ability of being bent easily after drying and solidifying. The PMF is glued on both sides of the strip, named as Side 1 and Side 2, to suppress the influence of temperature variation. The fiber length in the returning region is 50 cm, and the diameter of the circle in this region is 5 cm. Fig. 1(b) is the micrograph of PMF, and Fig. 1(c) is the photograph of the shape sensor.
The theoretical model of the shape sensor is simplified and shown in Fig. 2 . R is the bending radius, and L is the initial length of the sensing section. d is the distance between the core of the fiber and the neutral axis of the steel strip. ε 1 and ε 2 are the strains of Side 1 and Side 2, which satisfy The variation of BFS is determined by both temperature and strain [18] :
where C T and C ε are temperature and strain coefficients related to BFS, respectively; T is the variation of temperature. Because temperature is the same for both sides of the sensor, its effect on the variation of BFS can be suppressed by subtracting the BFSs of the double sides of the sensor. From (2), we have
Defining the curvature coefficient of BFS as:
Equation (3) is rewritten as:
where κ = 1/R is the bending curvature. A 2-D shape can be described as a vector r (s), where s is the arc length of the curve, as shown in Fig. 3 . r (s) is the integral of unit tangent vector T (s), i.e.,:
T (s) can be calculated accroding to the 2-D Frenet-Serret formulas [19] : where N (s) is the unit normal vector, and κ(s) is the curvature. So the shape reconstruction can be carried out with three steps. Firstly, measure BFS along the fiber and calculate curvature κ(s). Second, calculate T (s) with (7). At last, reconstruct shape with (6) . Spatial resolution is a key parameter of distributed Brillouin strain sensor. Using the model mentioned above, an analysis of its influence on the performance of shape reconstruction is carried out, the result of which is shown in Fig. 4(a) . The black curve represents the shape to be retrieved, which consists of a semicircle (radius: 15 cm) connected with a 20-cm straight line. In the simulation, the shape is reconstructed with various spatial resolutions, ranging from 2.5 cm to 20 cm. As predicted, higher spatial resolution leads to more accurate shape sensing. According to the principle of the algorithm, the position of each point on the reconstructed shape is determined by the position and the tangential vector of previous point, so the position error accumulates gradually. Based on this reason, a relative error is defined to evaluate the performance of the shape reconstruction as follows:
where (x A , y A ) and (x R , y R ) are the actual and the reconstructed coordinates of the last point in the sensor, respectively. The relaiton between spatial resolution and relative error is shown in Fig. 4(b) . The radius of the semicircle ranges from 12.5 cm to 30 cm (The curvature ranges from 3.3 m −1 to 8 m −1 ). In this figure, there is a quasi-flat area starting from ∼6 cm (x axis), where the relative error is less sensitive to the variation of spatial resolution. The width of the quasi-flat area decreases with the radius of the semicircle. For the 12.5-cm radius, the quasi-flat area ends at ∼11.7 cm, where the relative error is 1.5%. It is economical to choose a corresponding spatial resolution in this range if permitted.
Experimental Setup
The experimental setup is shown in Fig. 5 . A 1550-nm optical fiber laser with 40-kHz linewidth is used as light source, the output of which is divided into two branches by an optical coupler. In the upper branch, an electric-optic modulator (EOM1) is employed to modulate the continuous wave to pulses, which are then amplified by an erbium-doped fiber amplifier (EDFA) to a peak power of 0.5 W. As pump wave, the amplified pulses propagate into the sensing fiber, as shown in Fig. 1(a) . In the lower branch, the light is modulated into double sidebands by EOM2, which is driven by a microwave generator (MG). The probe trace is detected by a photo detector (PD), the output of which is acquired by a DAQ (data acquisition) card. Before the PD, a fiber Bragg grating (FBG) is used to filter out the upper sideband.
According to our simulation, spatial resolution of strain measurement is a key parameter to determine the performance of the shape sensor. For a conventional BOTDA scheme, the minimum spatial resolution is limited to ∼1 m [18] , [20] , [21] . Some techniques have been proposed to improve the spatial resolution to cm-scale [22] - [26] . In this experiment, a DPP-BOTDA is utilized, where an 8.5/8 ns pulse-pair is generated by the AFG to modulate the pump wave. The real spatial resolution is measured to be ∼10 cm due to the signal broadening resulting from the bandwidth limitation of the DAQ card.
Results and Discussion

The Curvature Coefficient of Brillouin Frequency Shift
In order to measure the curvature coefficient of BFS and verify (5) , an acrylic plate is cut into a series of standard semicircles (radius: 5 ∼ 30 cm, step: 2.5 cm), as shown in Fig. 6(a) . The shape sensor is attached on these standard semicircles, the sketch map of which is shown in Fig. 6(b) . The fiber on Side 1 of the shape sensor is stretched when being bent, while the fiber on the other side is compressed. The BFS along the fiber is measured for 3 times to improve the accuracy. As a reference, the BFS of the shape sensor without bending is also measured. The measured BFS along the fiber is shown in Fig. 7(a) . The first 1.5-m fiber is on Side 1, where the BFS variation of bent part is greater than zero as predicted. The difference of BFS variation between Side 2 and Side 1 is calculated, the result of which is shown in Fig. 7(b) . Fig. 8 shows the curvature dependence of the difference of BFS variation between Side 1 and Side 2 of sensor. The black points represent the measured data, while the red curve is the calculated result using (5) with the Brillouin strain coefficient of 0.0482 MHz/με [27] . The measured data is consistent with the theoretical result. The curvature coefficient C κ is determined to be 7.4062 MHz · m via curve fitting. The corresponding Brillouin strain coefficient is 7.4062 MHz · m/153.7 μm = 0.0482 MHz/με, which equals to the value in [20] . The error increases with the increase of curvature, especially in κ = 20 m −1 (R = 5 cm), which derives from the limitation of spatial resolution.
Shape Sensing Experiments
Two shape sensing experiments are carried out in this section. In the first experiment, a shape as shown in Fig. 9(a) is reconstructed. The BFS along FUT is measured for 3 times for average, the result of which is shown in Fig. 9(b) . With the reconstruction algorithm stated in Section 2, the shape is reconstructed, which is plotted together with the actual shape in Fig. 9(c) . The reconstructed shape accords with the actual curve. According to (8) , its relative error is 1%.
Next, a reconstruction experiment of a shape with step-changed BFS is carried out. The shape to be retrieved is shown in Fig. 10(a) . It consists of three semicircles, the radii of which are 20 cm, 15 cm and 12.5 cm, respectively. The measured BFS is drawn in Fig. 10 (b) together with its theoretical value. There are four step changes of BFS theoretically. The spatial resolution is estimated as the position difference from 10% to 90% of amplitude, which is 10 cm. The reconstructed shape is shown in Fig. 10(c) . Because of the limitation of spatial resolution, the measured BFS deviates from its real value, which ultimately leads to the error of shape reconstruction. The relative error for the entire curve is 5%.
Temperature Insensitivity of the Shape Sensor
In order to verify the temperature insensitivity of the shape sensor, one part of the sensor is heated. The measured BFS is shown in Fig. 11 with red curve. The BFS before heating is measured for reference, which is drawn in black dots. The hotspot locates from 0.25 m to 0.55 m, where the temperature increases by ∼30°C. The reconstruction of the shape is shown in Fig. 12 , where the red curve represents the reconstructed shape with only one side of the BFS data. The calculated shape starts to drift off at the hotspot. However, with the proposed method in Section 2, where double-side BFS is used, the effect of temperature variation is compensated successfully, which is shown with yellow curve in this figure.
Conclusion
In summary, a two-dimensional optical fiber sensor based on DPP-BOTDA (10-cm spatial resolution) is proposed and demonstrated, which is insensitive to temperature variation. Two shapes are reconstructed by the sensor, the total reconstruction errors of which are 1% and 5%, respectively. With a locally heated FUT, its temperature insensitivity is verified.
Both simulation and experiments prove that spatial resolution of strain measurement is crucial to shape sensing. According to our research of the relation between reconstruction error and spatial resolution, there is a quasi-flat area in the relation curve, where the relative error is less sensitive to the variation of spatial resolution. For one semicircular curve with the radius ranging from 12.5 cm to 30 cm, it is economical to choose the spatial resolution in the range from 6.0 cm to 11.7 cm, where the relative error is less than 1.5%. For a more precise sensing or for shape with larger curvature, a higher spatial resolution is required. Up to now, the best spatial resolution of DPP-BOTDA is 2 cm [28] , which suggests that the performance of the shape sensor can be further improved by using a faster DAQ and AFG. Because the protocol of the shape sensor is based on BOTDA, techniques to improve the performance of BOTDA can be utilized in the shape sensor. Especially, to meet the demand of fast and real time monitoring, dynamic sensing techniques can be incorporated into the shape sensor [14] , [29] - [31] .
